Abstract. In this paper, we associate a finite dimensional algebra, called a Brauer graph algebra, to every clean dessin d'enfant by constructing a quiver based on the monodromy of the dessin. We show that the center, the dimension of the Brauer graph algebra, the dimension of the first Hochschild cohomology space and the stable Auslander-Reiten quiver of the Brauer graph algebra are Galois invariant. Furthermore, we show that the Brauer graph algebras of two Galois conjugate clean dessins of genus zero, as well as any two Galois conjugate clean dessins which triangulate their underlying surface are derived equivalent.
Introduction
The aim of this paper is to introduce a new algebraic structure to a dessin d'enfant. This new algebraic structure corresponds to a well-known class of finite dimensional algebras arising from the representation theory of finite groups, called Brauer graph algebras. We show that the action of the absolute Galois group Gal(Q/Q) on dessins d'enfants naturally induces an action of Gal(Q/Q) on Brauer graph algebras. It is our hope that the rich representation theory of Brauer graph algebras will be a source of new Galois invariants. That this might be the case is supported by the results in this paper. In particular, we show that the dimension of the Brauer graph algebra associated to a dessin d'enfant is a Galois invariant and that the centres of the Brauer graph algebras corresponding to two Galois conjugate dessins d'enfants are isomorphic. Furthermore, we show that the dimension of the first Hochschild cohomology of the Brauer graph algebra associated to a clean dessin is a Galois invariant. As a corollary to a result of Antipov [5] we observe that genus 0 Galois conjugate clean dessins d'enfants are derived equivalent.
In [38] , an infinite dimensional gentle algebra A and an associated dessin order have been defined for every clean dessin d'enfant and it is shown that the centre of the dessin order is Galois invariant. We note that given a clean dessin d'enfant D, this gentle algebra A is given by quiver and relations and that the quiver of A is the same as the quiver of the Brauer graph algebra associated to D in Section 2.2.
A dessin d'enfant (dessin for short) is a connected bipartite graph cellularly embedded in a connected, closed and orientable surface. Dessins d'enfants were introduced by Alexandre Grothendieck in his influential Esquisse d'un Programme [22] as a means of studying Gal(Q/Q) as the automorphism group of a certain topological object sewn together from moduli spaces of curves with marked points. However, dessins d'enfants can be traced as far back as 1879 where the idea already appears in a paper by Klein [27] . The central result in the theory of dessins d'enfants is Belyȋ's theorem [7] which establishes a 1-1 correspondence between isomorphism classes of dessins and isomorphism classes of smooth projective curves defined over Q equipped with a holomorphic projection to CP 1 ramified over a subset of {0, 1, ∞}. A remarkable consequence of Belyȋ's theorem is that Gal(Q/Q) acts faithfully on the set of dessins which enables us to see the action of Gal(Q/Q) on number fields. A major open problem of the theory is to understand the invariants of this action and consequently to be able to distinguish between any two orbits. Several invariants that distinguish between certain orbits are known, but we are still far from a satisfactory answer.
Brauer graph algebras originate in the modular representation theory of finite groups [24] and their representation theory is well understood. They coincide with the class of symmetric special biserial algebras [34, 39] , and they are of of tame representation type [42] , that is, the isomorphism classes of their indecomposable representations can be parametrised by finitely many one parameter families. Brauer graph algebras are defined by their so-called Brauer graph, a vertex decorated graph with a cyclic ordering of the edges incident to each vertex. Remarkably, much of the representation theory of Brauer graph algebras is encoded in the Brauer graph. Examples of this are projective resolutions (of maximal uniserial submodules of projective indecomposables) which are encoded by the so-called Green walks [34] , the structure of their module category which is encoded by the Auslander-Reiten quiver [15, 14] , their wall and chamber structure in the form of the complex of 2-term tilting complexes [1] , and the Lie algebra structure of their first Hochschild cohomology group [12] .
The idea of this paper arises from the fact that a Brauer graph (minus the vertex decorations) can be naturally seen as a cellularly embedded graph on a connected closed oriented surface where the orientation of the surface gives rise to the cyclic orderings of the edges at each vertex. This results in a 1-1 correspondence between isomorphism classes of clean dessins d'enfants and isomorphism classes of Brauer graph algebras without vertex decoration. We can now state one of the main results of this paper. Theorem 1. Let D 1 and D 2 be Galois conjugate clean dessins with associated Brauer graph algebras Λ 1 and Λ 2 . Then the algebras Λ 1 and Λ 2 have same dimension over K and there is an isomorphism Z(Λ 1 ) ∼ = Z(Λ 2 ) of the centres of Λ 1 and Λ 2 .
Furthermore, we show that the stable Auslander-Reiten quiver of a Brauer graph algebra is invariant under the action of the absolute Galois group and that the dimensions of the first Hochschild cohomology group are Galois invariants. Namely, we show the following. 
The proof of the second part of this theorem is based on the decomposition of the first Hochschild cohomology of the trivial extension of a gentle algebra [13] and the notion of tilting mutation [4] , which for Brauer algebras is given by a geometric move on the edges of the underlying dessin as was shown in [26] , see also [3] .
This geometric tilting mutation move generalises flips of diagonals in (partial) triangulations of surfaces, see Remark 3.11 (2) . We show that mutations preserve the genus of the surface underlying a dessin and the ramification data above {1, ∞} as well as the number of points in the fiber above 0 but not the ramification indices. More precisely, we show that it preserves the number of vertices and edges of a dessin as well as the number and degrees of the faces. If we denote by µ e the mutation at an edge e of a dessin then µ e is periodic of period k where k depends on the degrees of the faces bounded by e. This allows us to show the following. We begin the paper with a brief summary of the different notions considered in this paper and we refer the reader for a more detailed introduction to dessins d'enfants to [25] and [28] , to [9] and [40] for an overview of Brauer graph algebras and to [29] for a connection between the two.
Dessins d'enfants and Brauer graph algebras
A dessin d'enfant is a cellular embedding of a connected bipartite graph G (possibly with loops and multiple edges) with vertices coloured in black and white into a connected, closed and orientable surface X such that the vertices of G are points or 0-cells on X, the edges are 1-cells on X which intersect only at the vertices, and the complement G in X is a disjoint union of open 2-cells called faces. The segments connecting black and white vertices are called half-edges.
Equivalently, a dessin d'enfant is a pair (X, f ) where X is a compact Riemann surface and f : X → CP 1 is a holomorphic ramified covering of CP 1 , ramified over a subset of {0, 1, ∞}. The preimage f −1 ([0, 1]) of the closed unit interval recovers the embedding of G into X where the preimages f −1 (0) and f −1 (1) correspond to the black and white vertices, respectively. The pair (X, f ) is called a Belyȋ pair and f is called a Belyȋ function. Two dessins (X 1 , f 1 ) and (X 2 , f 2 ) are isomorphic if there is an orientation preserving homeomorphism h :
By Belyȋ's theorem [7, 8] a compact Riemann surface, understood as a projective smooth algebraic curve, is defined over Q if and only if there is a Belyȋ pair (X, f ). Consequently, there is a natural faithful action of the absolute Galois group Gal(Q/Q) over the rationals acting on the coefficients of X and f .
In this paper we will consider clean dessins only, that is the dessins in which all white vertices are of degree 2. Equivalently these are the dessins such that the ramification degree of any point in f −1 (1) is equal to 2 so that two half-edges incident with the same white vertex form an edge incident to at most two black vertices.
Any dessin (X, f ) can be transformed into a clean dessin by replacing f with g • f , where g :
is obtained from (X, f ) by colouring all the white vertices black and adjoining new white vertices between any two black vertices. Consequently, no algebraic curve over Q is excluded by considering clean dessins only.
A permutation representation.
A clean dessin with n edges can be represented as a triple (σ, α, ϕ) of permutations in S 2n such that the subgroup σ, α, ϕ ≤ S 2n acts transitively on the set {1, . . . , 2n}, the permutation α is a fixed-point free involution and σαϕ = 1, in the following way.
• Using the orientation of the surface, label the half-edges with the elements of {1, . . . , 2n} so that, when standing at a black vertex and looking towards an adjacent white vertex, the label is placed on the left bank of the half-edge.
• Define σ and α as the permutations in S 2n which record the counter-clockwise cyclic orderings of labels around the black and white vertices, respectively.
• Finally, define ϕ as the permutation in S 2n which records the counter-clockwise cyclic order of labels around each face.
Example 2.1. For the clean dessin in Figure 1 we have that σ = (1)(2 5 3)(4 6 8 7), α = (1 2)(3 4)(5 6)(7 8), ϕ = (1 3 7 6 2)(4 5)(8). The trivial cycles are usually omitted, however we have included them in this example for clarity. Note that the labels around the "outer" face are recorded clockwise; this does not violate our convention because when this face is removed and unfolded into a 2-cell, the labels corresponding to the cycle (1 3 7 6 2) that appear to be oriented clockwise will be oriented counter-clockwise.
The degree of a vertex is the number of half-edges incident to it, while the degree of a face is the number of edges bounding it, where leaf edges are counted twice. Equivalently, the degrees of vertices and faces correspond to the lengths of cycles in σ and ϕ, respectively.
That σ, α, ϕ ≤ S 2n acts transitively on {1, . . . , 2n} follows from the dessin being connected. That α is a fixed-point free involution follows from all midpoints being of degree two and therefore α being a product of disjoint transpositions without fixed points. That σαϕ = 1 follows from Figure 2 . 
Conversely, the conjugacy class of a 2-transitive subgroup σ, α ≤ S 2n such that α is a fixedpoint free involution gives rise to a unique isomorphism class of clean dessins. The permutation ϕ is obtained by inverting the product σα.
In terms of permutation representations, two clean dessins (σ 1 , α 1 , ϕ 1 ) and (σ 2 , α 2 , ϕ 2 ) with n edges are isomorphic if there is g ∈ S 2n such that (σ
, where g acts by conjugation.
2.2.
Brauer graph algebras associated to dessins. A quiver Q = (Q 0 , Q 1 ) is given by a finite set of vertices Q 0 and a finite set of oriented edges Q 1 , called arrows, and functions s, t : Q 1 → Q 0 where for a ∈ Q 1 , s(a) denotes the start of a and t(a) denotes its target.
Let D = (σ, α, ϕ) be a clean dessin. We define the quiver Q D = (Q 0 , Q 1 ) associated to D as follows: the set Q 0 of vertices of Q corresponds to the white vertices of D, and the set Q 1 of arrows of Q is given by the counter-clockwise orderings of half-edges around black vertices of degree at least 2.
More precisely, let σ j = (i 1 · · · i k ) be a black vertex of degree k ≥ 2. If α i1 , . . . , α i k denote the vertices of the quiver corresponding to the white vertices in D incident with the half-edges i 1 , . . . , i k respectively, then we define a cycle of arrows in the quiver by setting α i1 → α i2 → · · · → α i k → α i1 . Black vertices of degree 1 do not contribute any arrows to Q.
Note that the only clean dessin for which Q 1 = ∅ is the genus 0 dessin with two black vertices and one edge with Belyȋ map z → 4z(1−z). By convention we assign to this dessin the quotient polynomial algebra
Furthermore, a special σ j -cycle starting at the white vertex α k is called a special σ j -cycle at α k .
Let K be a field and KQ D the path algebra of the quiver Q D . Note that since Q D contains an oriented cycle for any dessin D, the path algebra KQ D is infinite-dimensional. We now define an ideal I D = ρ D of KQ D generated by the following relations.
Relations of type one. For each white vertex α s and each pair σ j and σ k of black vertices of degree at least 2 incident to α s , all relations of the form
where C j and C k are the special σ j and σ k cycles at α s are in ρ D .
Relations of type two. For all σ j all relations of the type Ca are in ρ D , where C ranges across all special σ j -cycles and a is the first arrow of C.
Relations of type three. All paths ab of length 2 which are not subpaths of any special cycle are relations in ρ D .
The ideal I D is admissible and the resulting bound quiver algebra KQ D /I D is called a Brauer graph algebra. Brauer graph algebras, see for example [9] or [40] , coincide with the class of symmetric special biserial algebras [39] . In general, Brauer graph algebras are given by the so-called Brauer graphs, which are clean dessins, equipped with a function µ : Q 0 → N called multiplicity and an orientation o given by the choice of a cyclic ordering of the half-edges around the black vertices. The associated Brauer graph algebra is the quotient of the path algebra of the corresponding quiver by an admissible ideal generated by relations of type one, two and three with additional constrains imposed by the multiplicity function. Throughout this paper the multiplicity function maps all vertices to 1 and o is the counter-clockwise orientation. Note that the clockwise orientation of the half-edges around the black vertices induces the opposite quiver Q op D corresponding to the quiver Q D * induced by the dessin D * dual to D, see [29] . [18, 34] . A Green walk starting at a half-edge i is an infinite periodic sequence of half-edges Proof. By [14] , the exceptional tubes in the Auslander-Reiten quiver of A D are in bijection with the double-stepped Green walks on the Brauer graph. Suppose that D = (σ, α, ϕ). Then the Green walks are in a 1-1 bijection with the cycles of ϕ and the double-stepped Green walks correspond to the cycles of ϕ 2 . The result now follows from the fact that the cycle structure of both ϕ and ϕ 2 are Galois invariants [17, 28] .
2.4.
Brauer graph algebras as trivial extensions of gentle algebras. Recall that a finite dimensional algebra is gentle if it is Morita equivalent to a special biserial algebra A = KQ/I for which the following holds:
(S0) At most two arrows start and at most two arrows end at every vertex of Q.
(S1) For every arrow a ∈ Q 1 there exists at most one arrow b ∈ Q 1 such that ab / ∈ I and there exists at most one arrow c ∈ Q 1 such that ca / ∈ I. (S2) For every arrow a ∈ Q 1 there exists at most one arrow b ∈ Q 1 with t(a) = s(b) such that ab ∈ I and there is at most one arrow c ∈ Q 1 with t(c) = s(a) such that ca ∈ I. (S3) The ideal I is generated by paths of length 2.
The trivial extension T A = A D(A) of a K-algebra A, where DA = Hom K (A, K), is the algebra with A ⊕ DA as its underlying K-vector space and multiplication given by (a, f )(b, g) = (ab, ag + f b) for all a, b ∈ A and g, f ∈ DA.
A finite dimensional K-algebra A = KQ/I is gentle if and only if its trivial extension T A is a Brauer graph algebra [32] ; the construction of the appropriate Brauer graph is given in [39] .
On the other hand, it is also shown in [39] that given a Brauer graph algebra Λ = KQ/I with multiplicity function identically equal to one, we can obtain a gentle algebra A via an admissible cut of Q such that Λ T A. Definition 2.4. Let Λ = KQ/I be a Brauer graph algebra induced by a clean dessin.
(1) An admissible cut ∆ of Q is a set of arrows of Q containing exactly one arrow from every special σ-cycle.
(2) The cut algebra A ∆ with respect to the cut ∆ of Q is the algebra A ∆ = KQ/ I ∪ ∆ , where I ∪ ∆ is the ideal of KQ generated by I ∪ ∆.
For every gentle algebra A there is a unique Brauer graph algebra Λ = KQ/I such that A = A ∆ for an admissible cut ∆ of Q and Λ = T (A); conversely, every Brauer graph algebra induced by a clean dessin is the trivial extension of a (not necessarily unique) gentle algebra [39] . Note that two admissible cuts of Λ will, in general, not give isomorphic gentle algebras. Figure 3 . Informally speaking, the half-edges i and j slide along the edges that are next in the cyclic order around the respective black vertices of i and j. Note that if the black vertices of i and j coincide, then e is a non-trivial, possibly non-contractible loop, however we proceed in the same way by detaching the half-edges from their common vertex v and slide them along the edges that are next in the cyclic order around v. An appropriate example is given in Figure 4 . If e is a leaf or a trivial loop, the mutation of e is obtained by shifting e counter-clockwise along its (outer) face, as shown in Figure 5 . The following result is due to Kauer [26] , however, we will only state it in the context of Brauer graph algebras associated to dessins d'enfants, that is with multiplicity functions identically equal to one. We note that it is proven in [6] that if the characteristic of K is different from 2, the class of Brauer graph algebras is closed under derived equivlance. In the following three propositions we give the permutation representation (σ , α , ϕ ) of µ e (M) with respect to the permutations (σ, α, ϕ). Before we proceed, we introduce the following notation: for i ∈ {1, . . . , 2n} let σ i and ϕ i denote the unique cycles of σ and ϕ containing i, respectively. That is
2.5.
).
Let D be a clean dessin with a permutation representation given by (σ, α, ϕ). Note that mutations keep the permutation α invariant.
Proposition 2.6. Let e = (i j) be a non-leaf edge of D which is not a trivial loop and such that i σ and j σ are not half-edges of a loop. The permutation representation (σ , α, ϕ ) of µ e (D)
is obtained as follows:
),
If ϕ i = ϕ j , then ϕ i = ϕ j and
All other cycles of σ and ϕ are equal to the respective cycles of σ and ϕ.
Note that if e is a loop, then σ i = σ j and σ i σ = σ j σ so both i and j must be deleted from σ i to obtain the cycle σ i σ .
Proposition 2.7. The permutation representation (σ , α, ϕ ) of µ e (D) with respect to a leaf edge e = (i j) is obtained as follows:
Proposition 2.8. The permutation representation (σ , α, ϕ ) of µ e (D) with respect to a trivial loop e = (i i σ ) is obtained as follows:
The proofs of Propositions 2.6, 2.7 and 2.8 follow directly from the definition of mutations.
Properties of mutations and generalised stars
In this section we prove that mutations are periodic and preserve the number of vertices, edges, faces and the genus of the underlying surface, as well as the degrees of faces. Furthermore, we recall a result of Kauer stating that each clean dessin is mutation equivalent to a generalised star, that is, a clean dessin with only loops and leaves, or a clean dessin with a multiple edge and leaves. Proof. The property (1) is obvious from the definition. Property (2) is obvious if e is a trivial loop or a leaf. Otherwise, suppose without loss of generality that e is represented by the cycle (1 2) in α. Let F 1 and F 2 be the two faces bounded by e such that 1 ∈ F 1 and 2 ∈ F 2 with corresponding cycles in ϕ given by (1 i 1 · · · i m ) and (2 j 1 · · · j n ), where m and n are the degrees of F 1 and F 2 , respectively (note that it is possible for F 1 and F 2 to coincide if e bounds only one face). After mutating the edge e, the new faces F 1 and F 2 respectively correspond to the cycles
) and (1
The mutation of e therefore interchanges two half-edges of F 1 with two half-edges of F 2 and as a result preserves the number and the degrees of all faces.
Property (3) follows from (1), (2) and the Euler-Poincaré formula. Property (4) is obvious if e is a leaf or a trivial loop. Otherwise, suppose without loss of generality that e is represented by the cycle (1 2) in α, and F 1 and F 2 are as in the proof of (2) with m > n. After mutating e exactly n − 1 times, the half-edge 2 moves to the original position of the half-edge 1. To restore the original positions for both half-edges we must mutate an additional m − 1 times. In total we have performed m + n − 2 mutations.
If m = n then by symmetry we have to perform (m + m − 2)/2 = m − 1 mutations.
Definition 3.2.
(1) If a clean dessin D 1 can be mutated into a clean dessin D 2 , we will say that D 1 and D 2 are mutation equivalent or that they are in the same mutation class.
(2) A generalised star is a clean dessin with one black vertex incident to all edges, possibly one further black vertex of degree greater than 2, and with all other black vertices of degree 1.
We now recall a key Lemma from [26] which shows that every Brauer graph algebra is mutation equivalent to a Brauer graph algebra where the Brauer graph is a generalised star. For completeness, we include a short proof.
Lemma 3.3 (Kauer, [26] ). If D is a clean dessin with n edges, then it is mutation equivalent to a generalised star St n with n edges.
Proof. Choose an edge e and consider the edges that are incident to the vertices of the faces bound by e. These can always be mutated, possibly several times, so that they are incident to the vertices of e.
If there is an edge f that is not incident to any black vertex of a face bound by e, then we can find a sequence of faces (F 1 , F 2 , . . . , F k ) so that a black vertex of f is incident to F 1 , a black vertex of e is incident to F k , and F i and F i+1 are adjacent, for i = 1, . . . , k − 1. We can then mutate f at least r 1 times so that one of its half-edges becomes attached to a black vertex of F 2 . After that, we can mutate µ r1 (f ) at least r 2 times so that one of its half-edges gets attached to a black vertex of F 3 . Continuing this procedure for each face F i , 1 ≤ i ≤ k − 1, after r = r 1 + r 2 + · · · + r k−1 mutations the mutated edge µ r (f ) will be incident to a black vertex of F k . With further r k mutations it will be incident to a black vertex of e.
After mutating all edges so that they are incident to the two black vertices v and w of e, the following two situations may arise:
(i) There is a loop incident to, say, v. In this case, all loops incident to w, as well as all edges incident to v and w can be mutated into loops incident to v. In this way we have obtained a dessin with one black vertex incident to all edges, and with all other black vertices of degree 1. (ii) There are no loops. In this case we can shift all leaves so that they are incident to the same black vertex of e. In this way we have obtained a dessin with one black vertex incident to all edges, one other black vertex of degree at less 2, and all other black vertices of degree 1.
Note, in particular, that a generalised star without loops cannot be mutated into a generalised star with loops. In a generalised star without loops we only have leaves and a single multiple edge, so we can either shift the leaves, mutate an edge along a leaf, or mutate an edge along another edge and none of these operations result in a loop. Furthermore, we have the following. Proof. Consider first the genus 0 case. If D has no leaves, then it is the clean dessin with two black vertices and double edges incident to both vertices. All faces of this dessin are of degree 2 and adding a leaf to the boundary of any face does not change the parity.
Consider now the genus g ≥ 1 case. If D has no leaves and only one face, then by the EulerPoincaré formula we must have 1+2g edges. Such a dessin has a presentation as the fundamental polygon with 2(1 + 2g) sides, see Figure 6 .
The two black vertices v and w of D alternate in the fundamental polygon representation, so if we were to add a non-loop edge, it would have to close down a cycle with an odd number of sides of the fundamental polygon. This new non-loop edge would therefore split the single face of D into two faces of even degree. In these two new faces the vertices v and w again alternate, so any additional non-loop edge can only divide a face into two faces of even degree. As in the genus 0 case, the parity of the degrees of faces doesn't change if we introduce leaves. Corollary 3.5. If D is a clean dessin that has at least one face of odd degree then D is mutation equivalent to a generalised star with at most one black vertex that has more than one edge incident to it. Example 3.6. An example of two clean dessins of genus g ≥ 1 that have the same number of edges and matching degrees of both the vertices and the faces, but are not mutation equivalent is given by the only two clean dessins of genus 1 with 3 vertices, 4 edges and 1 face of degree 8, shown in figure 7. These dessins are defined over Q [2] . Figure 7 . Two clean dessins of genus 1 with 3 vertices, 4 edges and 1 face of degree 8 which fail to be mutation equivalent. The dessin on the left is mutation equivalent to a generalised star with loops, while the dessin on the right is a generalised star without loops.
Proposition 3.7 (Antipov [5] ). The mutation class of a genus 0 clean dessin is determined by the number of its vertices, edges and faces and the degrees of the faces.
Antipov proves that two genus 0 dessins with the same number of vertices, edges and faces such that the degrees of their faces coincide can be mutated to a 'canonical' generalised star which is unique for its degree sequence, that is, a generalised star such that all faces can be ordered around a single vertex so that their degrees are in ascending cyclic order. However, Antipov's proof fails in higher genus since a crucial step involves passing from a generalised star without leaves to its dual, a tree, on which mutation moves are then considered. A counter-example to Antipov's proposition in genus 1 is given in Figure 7 . If D is a clean dessin with all faces of degree 3, then it can be understood as a triangulation of its underlying surface S, where the black vertices of D correspond to marked points on S. A mutation of any edge of D corresponds to a diagonal flip in the quadrilateral formed by two adjacent faces. It is a well known result that any two triangulations of a compact, closed and connected surface with marked points are related by a sequence of diagonal flips [11, 16, 23, 31] and [30] in the context of mutation of Brauer graph algebras. Therefore, the previous corollary extends to all clean dessins d'enfants which triangulate their underlying surface. For an edge e of D flip the internal edges so that e becomes a diagonal of the quadrilateral formed by two internal edges and two edges of D which follow each black vertex of e in the counter-clockwise order (note that these two vertices of e might coincide). The mutation µ e now corresponds to a diagonal flip of e, see Figure 8 . Note that any flip in a triangulation of S that preserves the degrees of faces of D must come from a mutation of D, where a flip of an internal edge is to be understood as if no mutation was preformed on any edge of D. Indeed, in this way we obtain all possible ways of completing D to a triangulation of S. Figure 8 . The mutation µe of the dessin D on the left is obtained by first adding internal diagonal edges (dashed), flipping i1 and i2, and then flipping e.
4. Dimension, the centre, and the dimension of the first Hochschild cohomology group of a Brauer graph algebra as Galois invariants
In [20] it is shown that a basis of a Brauer graph algebra Λ D induced by a dessin D = (σ, α, ϕ) is given by the subpaths of all special σ j -cycles modulo the admissible ideal, {p + I D | p is a subpath of a special σ j -cycle in Q D }, including the trivial paths for each vertex of a dessin. Thus the dimension dim K Λ D is given by
where the sum runs over all special σ-cycles (up to permutation) and where |σ j | denotes the length of any special σ j -cycle induced by the black vertex σ j . Note that we pick only one special σ j -cycle per black vertex in the summation above. All terms in the dimension formula are Galois invariants, therefore the dimension of a Brauer graph algebra is also a Galois invariant. In order to prove this theorem we will make use of the following lemma. For a path p ∈ Q let p denote the class p + I.
Lemma 4.3. Let Λ = kQ/I be a Brauer graph algebra associated to a clean dessin. Let B be the basis of Z(Λ) given by the identity, the loops and the special cycles of Q. Ifp,q ∈ B such that neither is the identity, thenpq =0.
Proof. If p and q are not loops and t(p) = s(q) then p−q is necessarily a relation in I. Thereforē p =q andpq =pp = 0 as pp necessarily contains a type 2 relation.
If p is a loop and t(p) = s(q) or t(q) = s(p), then q is a basis element with p as either the first or the final arrow. The productpq is0 since p 2 is a relation. Otherwise, the composition pq is zero in KQ.
Proof of Theorem 4.2. Let B 1 and B 2 be the bases of Z(Λ 1 ) and Z(Λ 2 ), respectively, given by the identity, the loops and the special cycles. Galois-conjugacy implies dim Z(Λ 1 ) = dim Z(Λ 2 ) = n and that there is a vector-space isomorphism f : Z(Λ 1 ) → Z(Λ 2 ) mapping B 1 to B 2 so that loops are mapped to loops and special cycles to special cycles.
Letp i ∈ B 1 for i = 2, . . . , n be the basis elements of Z(Λ 1 ) which are not1 Λ1 . Then for v, w ∈ Z(Λ 1 ) we have
where α, β, α i and β i for i = 2, . . . , n are scalars. Then
due to Lemma 4.3 and
again due to Lemma 4.3.
Unlike the dimension of Λ D , the centre is a derived invariant; in fact, it is the Hochschild cohomology group HH 0 (Λ D ).
4.1.
The first Hochschild cohomology group of Λ D . Recall from section 2.4 that an admissible cut of a Brauer graph algebra Λ results in a gentle algebra A such that its trivial extension T A is isomorphic to Λ.
In [13] it is shown that for a gentle algebra A the first Hochschild cohomology HH 1 (T A) of its trivial extension T A decomposes (as a vector space) as
where HH 1 (A) * is the dual space and Alt A (DA) is the set of skew-symmetric bilinear forms α over DA = Hom K (A, K) such that α(f a, g) = α(f, ag) for all a ∈ A and f, g ∈ DA.
Let D be a clean dessin, Λ = KQ/I its Brauer graph algebra and A a gentle algebra obtained from an admissible cut of Λ. Then Λ ∼ = T (A) and a basis for HH 1 (Λ) in terms of the underlying dessin D of Λ corresponds to certain paths formed from cuts of all σ-cycles.
In terms of the dessin D an admissible cut is given by a marking of a consecutive pair of half-edges at each vertex corresponding to the cut of the arrow in the associated special cycle. We will denote this cut by placing a cross on the Brauer graph. Using this description of the gentle algebra in terms of D, the dimension of HH 1 (Λ) has been made explicit in terms of local configurations of D in [12] . In particular since we are only interested in the dimension, rather than a basis of the first Hochschild cohomology space, we will only recall the local configurations contributing to each of the four vector subspaces (rather than the explicit basis elements). For simplicity we will assume that charK = 2, though this case could also be treated in a similar way to the below.
Each of the following local configurations (if they exist) contributes one dimension to the first Hochschild cohomology space HH 1 (Λ) by contributing one dimension to
•Z(A):
Id A × ×
•HH 1 (A):
× × ×
Furthermore, each fundamental cycle in D contributes one dimension to HH 1 (A). If D has V vertices and 2E half-edges then there are 1 − V + E fundamental cycles in D, see [12] .
•HH 1 (A) For the rest of the proof recall that Galois conjugation preserves the degree of faces.
Let A 1 and A 2 be admissible cuts of Λ 1 and Λ 2 . If D 1 has a face of degree 1 then so does D 2 . A face of degree one always corresponds to a loop and by [12] any cut at the vertex of the degree one face loop adds either a dimension to the centre of the cut algebra or a dimension to the Hochschild homology of the cut algebra. Therefore the contribution to the dimension of HH 1 (Λ 1 ) from Z(A 1 ) and HH 1 (A 1 ) * coming from faces of degree one is the same as the contribution to the dimension of HH 1 (Λ 2 ) from Z(A 2 ) and HH 1 (A 2 ) * coming from faces of degree one.
A face of degree two is given by either two parallel edges or two loops at the same vertex. That is a face of degree two correponds to one of the following two local configurations It thus follows form [12] that any possible cut of a face of degree 2 contributes exactly one dimension to the first Hochschild cohomology of the trivial extension of the cut algebra. Therefore the contribution to the dimension of HH 1 (Λ 1 ) and HH 1 (Λ 2 ) from faces of degree 2 is the same and the result follows. Proof. It follows directly from Theorem 4.4 that dim HH 1 (Λ) = 1 + #(faces of degree 1) + #(faces of degree 2) + #(fundamental cycles) and by [12] , #(fundamental cycles) = 1 − V + E.
Generalisation to non-clean dessins and Brauer configuration algebras
In a forthcoming paper [29] , we show that dessins d'enfants in general, that is dessins with white vertices of valency possibly greater than two, give rise to Brauer configuration algebras, symmetric special multiserial algebras generalising Brauer graph algebras as defined and studied in [19, 20] . To a dessin D we associate a quiver Q D in the same way as in Section 2.2. The admissible ideal I D is again generated by relations of type one, two and three, the only difference being that for relations of type one we require the white vertices to have degree at least 2. A detailed exploration of Brauer configuration algebras arising from dessins d'enfants is given in [29] .
Brauer graph algebras are of tame representation type and their representation theory is well understood, in particular much is known the derived equivalence classes [3, 26, 33, 6] ; however, Brauer configuration algebras are of wild representation type and their representation theory is not very well understood. Most notably, the class of Brauer configuration algebras is not closed under the analogue of the mutation moves of section 2.5.
However, we show in [29] that Theorems 4.1 and 4.2 generalise to Brauer configuration algebras.
